We obtain the Penrose limit of six dimensional Non-Commutative Open String (NCOS 6 ) theory and show that in the neighborhood of a particular null geodesic it leads to an exactly solvable string theory (unlike their counterparts in four or in other dimensions). We describe the phase structure of this theory and discuss the Penrose limit in different phases including Open D-string (OD1) theory. We compute the string spectrum and discuss their relations with the states of various theories at different phases. We also consider the case of general null geodesic for which the Penrose limit leads to string theory in the time dependent pp-wave background and comment on the renormalization group flow in the dual theory.
Introduction
It is well-known that string theory in the pp-wave background can be obtained [1, 2] for type IIB theory by taking the Penrose limit [3] on AdS 5 ×S 5 and has many interesting features. The most notable one is that the corresponding Green-Schwarz (GS) action in the light-cone gauge is exactly solvable [4, 5, 6] . So one can quantize the theory and obtain the string spectrum in a straightforward way. By the Maldacena conjecture [7, 8, 9 , 10] taking a Penrose limit (on the string/gravity side) amounts to going to a particular subsector of the N = 4, SU(N) super Yang-Mills theory where both the conformal dimension ∆ and the U(1) R-charge J of the gauge theory operators scales as ∆, J ∼ √ N as N → ∞, keeping g 2 Y M and ∆ − J fixed. Thus using the BMN [11] conjecture of exact correspondence between string theory in the pp-wave background and the subsector of gauge theory one can compute the anomalous dimensions of the gauge theory operators from the exact string spectrum and this has been generalized to many other AdS/CFT-like examples.
The consequence of taking Penrose limits and their implications in the subsector of dual nonconformal theories have been discussed in refs. [12, 13, 14, 15, 16, 17, 18, 19] . In most cases Penrose limits on the gravity duals of these theories lead to string theories in time dependent pp-wave backgrounds. For a large class of such backgrounds, the equations of motion of the GS action can be solved exactly, but the quantization for such systems and the construction of states are still not well-understood [16, 13] . However, there is an intriguing connection between the associated time dependent quantum mechanical problem and the RG flow in the dual gauge theory [13] . On the other hand, it has been noticed that in six dimensions there exists a special null geodesic, for the gravity dual of both local [20] (ordinary YM or OYM) and non-local (Little String Theory 1 (LST) [19] , noncommutative YM 2 (NCYM) [28] and open Dp-branes 3 (ODp) [33] ) theories, in the neighborhood of which the Penrose limits lead to string theories in time independent ppwave backgrounds. These are very similar to the maximally supersymmetric pp-wave limit of AdS 5 ×S 5 . Since string theories in these cases are exactly solvable, it is straightforward to obtain the string spectrum and extract information about the states of the above mentioned theories in the subsector corresponding to the Penrose limit. Such discussions can be found for LST in [19] , for 6-dimensional NCYM in [28] and for OD5 in [20] .
In this paper we study the Penrose limit of the gravity dual of another class of nonlocal theories, namely, the noncommutative open string theory [34, 35] in six dimensions (NCOS 6 ) [36] . The supergravity configuration is given by the (F,D5) bound state [37] of type IIB string theory in the so-called NCOS limit. We describe the phase structure of this theory and show how at various energies the theory is described by OYM 6 , LST, NCOS 6 and OD1 theories. We obtain the Penrose limit of NCOS 6 theory in the neighborhood of a particular null geodesic by defining a scaling parameter in terms of the known parameters of the theory. We show that the Penrose limit in this case leads to an exactly solvable string theory in a time independent pp-wave background unlike the case of four or other dimensional NCOS theories. Here we find that the two of the eight bosonic coordinates of the string theory are massive and it contains both NSNS and RR three-form field strengths. We also discuss Penrose limits at different phases of this theory and as is known they all lead to solvable string theories. We study the quantization of the bosonic sector of the gravity dual of NCOS 6 theory in the Penrose limit, obtain the string spectrum and discuss their relations to the states in NCOS 6 theory in a particular subsector. Similar discussions are given for the different phases of this theory including the OD1 theory. Finally we obtain the Penrose limit for a more general null geodesic of both NCOS 6 theory and the OD1 theory. In this case we obtain string theories in time dependent pp-wave backgrounds which are not solvable. We briefly comment on the RG flow in the dual theory.
The organization of this paper is as follows. In section 2, we give the gravity dual description of NCOS 6 theory and describe its phase structure. The Penrose limit of this theory and various other theories at different phases for a particular null geodesic is discussed in section 3. The quantization of the bosonic sector and the string spectrum for the NCOS 6 and other theories at different phases are described in section 4. In section 5, we discuss the Penrose limits of NCOS 6 and OD1 theories for the general null geodesic and comment on the RG flow. Our conclusion is presented in section 6.
2 Supergravity description and the phase structure of NCOS 6
The gravity dual description of NCOS 6 can be obtained from the (F,D5) bound state configuration of type IIB string theory in the so-called NCOS limit and is described in refs. [36, 38] . The string metric, the dilaton and the other gauge fields have the forms,
Here the parameter ǫ is defined as ǫ = α ′ /α ′ eff , where √ α ′ is the string length scale and α ′ eff is the length scale of the NCOS 6 theory. The parameter a
, where M is the number of D5-branes and G 2 o is the coupling constant of NCOS 6 theory. 'r' is the energy parameter defined by r =r/( √ ǫα ′ eff ), 'r' being the radial coordinate transverse to the (F,D5) world-volume. dΩ The above supergravity description of NCOS 6 theory is valid as long as the curvature of the metric in (2.1) measured in α ′ unit as well as the dilaton remain small i.e.
We will discuss the two cases (i) ar ≪ 1 and (ii) ar ≫ 1 separately. For case (i), the condition (2.2) implies ar ≫ 1/(MG 2 o ) and so, along with the relation ar ≪ 1, we have 1
where the curvature remains small. On the other hand the condition (2.3) implies ar
o ≪ 1, then we have the whole region (2.4) where both the curvature and the dilaton remain small and we have a valid supergravity description. However, we note that this conclusion is not quite correct. The reason is, in the region ar ≪ 1 we expect the NCOS 6 theory to reduce to OYM 6 theory i.e. the supergravity configuration (2.1) should reduce to simple D5-brane configuration in the OYM-limit. It is easy to check that this would happen only if we set along with ar ≪ 1 and
3 . In this limit, (2.1) reduce to
with B and A (4) vanishing. This is exactly the D5-brane configuration in the OYM 6 limit [39] . So, when ar ≪ 1, we take G 2 o ≫ 1. Therefore, the supergravity description remains valid not in the region (2.4) but
Note that since we are in the OYM 6 region, a and G 
When ar ≫ 1/G 2 o , the dilaton becomes large and we have to go to the S-dual frame in order to have a valid supergravity description. In this case the D5-brane configuration will go over to the NS5-brane configuration by S-duality and OYM 6 limit will become the LST limit. Therefore, we will have the LST description in the region
We will discuss how to obtain the LST supergravity description from OD1 theory later. Now consider the case (ii) where ar ≫ 1. Here we will assume G 
But when ar ≫ 1/G 2 o , the dilaton becomes large and we have to go to the S-dual frame to have a valid supergravity description. Under S-duality the (F,D5) supergravity configuration becomes the (D1,NS5) supergravity configuration and the NCOS 6 limit goes over to the OD1 limit. To obtain the supergravity dual of OD1 theory we make an S-duality transformation in (2.1) which gives [38] ,
Note that in writing (2.9) we have made use of the S-duality relations among the parameters of the two theories as [29, 38] ,
and
where
is the coupling constant and α ′ eff is the length scale in OD1 theory. Also, N is the number of NS5-branes and is equal to M. The parameter a 2 in NCOS 6 theory should be written in terms of the parameters of OD1 theory i.e.
= fixed and this is precisely the LST limit. The supergravity configuration in this limit becomes [39] 
with the other fields vanishing. This is exactly the supergravity configuration of LST. Note that in writing (2.12) we have multiplied by the g
of OD1 theory (with g s , the string coupling constant), both the metric and dB in (2.9) so that both the S-dual metric of (NS5,D1) and the original metric of (F,D5) remain Minkowskian [38] .
So, to summarize, the phase structure of NCOS 6 theory is as follows. We have OYM 6 description in the range 1/(MG 
Penrose limits
In this section we obtain the Penrose limit of NCOS 6 supergravity description given in (2.1) for a particular null geodesic and discuss the same for the other theories at different phases mentioned in the previous section. To obtain the Penrose limit of (2.1) we first scale the coordinates x 0,...,5 as
. Then by defining a new variable ar = e U we write (2.1) as,
We write dΩ 2 3 = cos 2 θdψ 2 + dθ 2 + sin 2 θdφ 2 and look at a null geodesic for the metric in (3.1) restricted to (x 0 , U, ψ)-plane. So, we set x 1,...,5 = 0, θ = 0 and so, the effective Lagrangian associated with this geodesic has the form,
where 'prime' denotes the derivative with respect to the affine parameter along the geodesic. Since the Lagrangian does not depend explicitly on x 0 and ψ, we get two constants of motion as,
Substituting these in (3.2) and equating it to zero for the null geodesic we get the evolution equation for U as 4 ,
where we have defined l = J/E and scaled the affine parameter by E. Eq.(3.4) denotes the one parameter family of evolution equation for which l 2 ≤ 1. We will discuss the general case l < 1 (we take l ≥ 0) in section 5, and here we consider a special null geodesic for which l = 1. So, we have U ′ = 0 or U = constant. Therefore the null geodesic is now restricted to (x 0 , ψ)-plane as in the case of maximally supersymmetric AdS 5 ×S 5 . The null geodesic is given by U = U 0 = constant, x 1,...,5 = θ = 0 and x 0 = ψ = x + , where x + is the affine parameter. We now define a set of new coordinates as,
By further rescaling the coordinates as
..,5 /R, φ → φ and taking R → ∞ 5 , the supergravity configuration in (3.1) takes the form,
It should be mentioned here that the Euler-Lagrange equation for U yields a second order differential equation, since L explicitly depends on U . In general, the equation of motion for U is different from the null geodesic condition given below in (3.4). However, since the form of the metric in (3.2) has −g 00 = g ψψ = g UU , it can be easily checked that the equation of motion for U is equivalent to the null geodesic codition as given below. 5 In this limit, it is clear that we are in the neighborhood of the null geodesic just mentioned above.
This is the Penrose limit of the NCOS 6 supergravity configuration. In the above
where z 1 = z cos φ and z 2 = z sin φ. We note from the metric in (3.6) that only two of the eight bosonic coordinates, namely, (z 1 , z 2 ) have constant masses and the rest are massless. This will lead to an exactly solvable string theory. We can introduce arbitrary masses for z 1 and z 2 by scaling x ± → µ ±1 x ± and then (3.6) become,
We would like to mention that in taking the Penrose limit we have taken the scaling parameter Note that for the OYM 6 supergravity description in the region mentioned, the metric and the dilaton remain the same as in (3.7) in the Penrose limit, but we have to replace
. But looking at the NSNS and RR 3-forms we find that H = 2µ(ar 0 )dx
does not vanish since ar 0 G 2 o ≪ 1. This is precisely the Penrose limit of the D5-brane (in the near horizon limit) discussed in [20] . For LST supergravity description in the region 1/G 2 o ≪ ar ≪ 1, we have to go to the S-dual frame and we will discuss how to obtain this from the OD1 theory later.
We have mentioned in the previous section that for ar ≫ 1 and G 
the S-dual description which is nothing but the gravity dual of OD1 theory given in (2.9). We now discuss the Penrose limit of this theory. In this case we scale the coordinates as, 
To obtain the Penrose limit we proceed exactly as in NCOS 6 case. The evolution equation in this case takes the form,
The parameter 'l' was defined before and the the 'prime' denotes derivative with respect to the affine parameter along the geodesic in (x 0 , U, ψ)-plane. Again we notice that for l = 1, U ′ = 0 or, U = constant is a solution to (3.9). The null geodesic is given by U = U 0 = constant, x 1,...,5 = θ = 0 and x 0 = ψ = x + (the affine parameter) and is restricted to (x 0 , ψ)-plane. The set of new coordinates we now define are as follows,
..,5 /R, φ → φ and taking R → ∞, the configuration (3.8) takes the following form in the new coordinates,
This is the Penrose limit of the gravity dual of OD1 theory and has also been obtained in ref. [33] . In order to recover the Penrose limit of gravity dual of LST from here in the region G 
vanishes. This is exactly the Penrose limit of the gravity dual of LST discussed in [19] .
Quantization and the string spectrum
In this section we discuss the quantization of the bosonic sector of the closed string theory obtained in the previous section by taking the Penrose limit of the gravity dual of NCOS 6 theory as well as various other theories at different phases. We will obtain the string spectrum and discuss their relations to the states in various dual theories. The GS action for the bosonic part has the form,
where η ab = diag(−1, 1) is the world-sheet metric and ǫ τ σ = 1. We first rename the coordinates as (z 1 , z 2 , x 5 , x 4 , x 3 , x 2 , x 1 , x) ≡ (z 1 , z 2 , z 3 , z 4 , z 5 , z 6 , z 7 , z 8 ) and then for the background (3.7) the above action takes the form in the light-cone gauge as,
where i = 1, . . . , 8 and k = 1, 2. We have also used the light-cone gauge x + = τ . Let us define Y = (z 7 + iz 8 )/2, then the equations of motion following from (4.2) are,
We solve these equations by Fourier expanding the various coordinates as,
and similarly forȲ , where,
and we find that the oscillators obey the commutation relations,
where i, j = 1, . . . , 6. So, the bosonic part of the light-cone Hamiltonian takes the form,
Now in order to relate the string spectrum to the states in NCOS 6 theory we write from (3.5)
In terms of the generators of the original x 0 (before rescaling by
where we have used i
We thus find a correspondence between the string spectrum and the states in the NCOS 6 theory with energy and U(1) R-charge,
Thus the spectrum of strings in the background (3.7) is the same as the spectrum of NCOS 6 theory in the regime (4.10). For R 2 → ∞, we have,
So, the light-cone energy now takes the form,
There are three terms in the light-cone energy expression in (4.12). The first term corresponds to the two massive bosons z 1 , z 2 , the second term corresponds to the four free massless bosons z 3 , . . . , z 6 and the third term corresponds to the two complex interacting bosons Y ,Ȳ . The massive bosons when written in terms of two complex massive bosons z = (z 1 +iz 2 )/2 andz = (z 1 −iz 2 )/2, will carry a U(1) 2 -charge corresponding to the angular coordinate φ, while the rest of the bosons are U(1) 2 -charge neutral. Actually the gravity dual of NCOS 6 theory before taking the Penrose limit has SO(4) ≃ SU(2) L × SU(2) R isometry of S 3 and U(1) 1 ×U(1) 2 is the subgroup of this group corresponding to the isometries of ψ and φ of dΩ . The first one corresponds to the R-charge J 1 introduced earlier. Also, we note that the NCOS 6 theory does not have the full 6-dimensional Poincare invariance because of the presence of the electric field along z 7 -direction which is proportional to z 8 (or vice-versa) as can be seen from (3.7). Thus we have another U(1) 3 -charge carried by the bosonic fields Y andȲ and the other bosons are neutral under this charge. This is the reason we have a further splitting of the light-cone energy (the last term in (4.12)) for the bosons Y andȲ . We would like to point out that such a splitting did not happen for the case of 6-dimensional NCYM theory studied in [28] and the effect of magnetic field there was unobservable in the spectrum. The reason might be that we obtained the spectrum only for the closed string sector and the effect might be observable in the open string sector. However, in this case, we see the effect of electric field even in the closed string sector.
We
theory (3.7) reduces to that of OYM 6 theory and the metric has the same form as given in (3.7), the dilaton is given as e φ = g Y M r 0 /((2π) 3/2 √ M ), while dB = 0. The RR 3-form is non-vanishing. So, the GS action for the bosonic sector will have the same form as given in (4.2) without the last term. The bosonic part of the light-cone Hamiltonian will then be given as,
where k = 1, 2 correspond to the massive bosons z 1 , z 2 and l = 3, . . . , 8 correspond to the rest of the free massless bosons. To relate the string spectrum with the states of OYM 6 theory we first find
The states of OYM 6 theory have energy and
Taking R 2 → ∞ in (4.14), the light-cone energy takes the form,
Here e U 0 = r 0 . A similar form of light-cone energy has also been obtained in [20] .
We next discuss the spectrum for the OD1 theory in the Penrose limit by looking at the configuration given in (3.11). The light-cone GS action in this case takes the form,
where i = 1, . . . , 8 and k = 1, 2. Defining z = (z 1 + iz 2 )/2, the equations of motion following from (4.17) have the forms,
We can solve these equations by Fourier expanding the coordinates z 3,...,8 as the first expression in (4.4) and z,z as the second expression in (4.4) , where now ω n will be of the forms, 19) and the oscillators satisfy the commutation relations,
where i, j = 3, . . . , 6. So, the bosonic part of the light-cone Hamiltonian would be given as,
To relate the string spectrum with those of the OD1 theory we first find
where we have used i Thus the spectrum of strings in the background (3.11) is the same as those of the OD1 theory in the regime (4.21). For R 2 → ∞, we find
The light-cone energy therefore takes the form,
We have seen that in the regime G 2 o(1) ≪ ar ≪ 1, the Penrose limit of the OD1 supergravity description reduces to that of the LST supergravity description. This is described after eq.(3.11). The spectrum of LST from the quantization of GS action has already been discussed in ref. [19] and we will not repeat it here.
Penrose limits for general null geodesics
In the previous sections we have discussed the Penrose limit of NCOS 6 supergravity description and various other theories at different phases for a particular null geodesic corresponding to the parameter l = 1. In this section we extend it for l < 1 and discuss Penrose limits of NCOS 6 and OD1 theories. The gravity dual of NCOS 6 theory is given in (3.1) . By restricting the null geodesic in (x 0 , U, ψ)-plane we obtained the evolution equation for U in (3.4) for the general value of the parameter l. Eq.(3.4) can be solved as,
where u is the affine parameter along the null geodesic. One can use this relation to formally express e U as a function of u and let us call that function as g, i.e., e U = g(u)
which satisfies (5.1). Now we make a coordinate change from (x 0 , U, ψ) → (u, v, x) by the relations,
By further rescaling the coordinates u → u, v → v/R 2 , θ → z/R, x → x/R, x 1,...,5 → x 1,...,5 /R, φ → φ and taking R → ∞, the metric in (3.1) reduces to
This is the form of the metric in 'Rosen' coordinates 6 . To write it in Brinkman form we define a new set of coordinates as,
By ' ' we mean that strictly speaking the metric in Rosen coordinates should have g uu = 0 (see for example, [40] and references therein) which is not the case here and also later in (5.9). However, that does not prevent us to obtain the desired Brinkman form of the metric in (5.5). The reason is, since u is merely renamed by x + to go to the Brinkman form, this term just shifts the mass 2 of the coordinates z as given in (5.6).
Then the metric takes the form,
Where the mass 2 's associated with various coordinates are given as,
where 'prime' in both (5.4) and (5.6) represents derivative with respect to the affine parameter u = x + along the geodesic. The second line in each of the mass 2 expressions in (5.6) are obtained by using the evolution equation (3.4) . The important thing to note here is that all the mass 2 expressions are positive for l < 1 at all energies as opposed to some cases noted in the literature. However, since they are time dependent, it is not clear how to quantize and obtain the spectrum for the associated string theory. In this sense, for these general null geodesics the Penrose limit does not lead to a solvable string theory.
4(1 + e 2U ) 3 e 2U (4 − 3e 2U ) (5.11)
Here also 'prime' denotes derivative with respect to the affine parameter u = x + . The second expressions of mass 2 in (5.11) are obtained by using the evolution equation (3.9).
We note here that unlike in the NCOS 6 case the mass 2 's are not always positive. In particular, we see from (5.11) that in the IR, m 2 x becomes negative. However, we have seen in the previous sections that in the low energy the proper supergravity description should be that of NCOS 6 theory and not the OD1 theory where all the mass 2 are indeed positive. The presence of negative mass 2 indicates a quantum mechanical instability of the associated world-sheet theory and so OD1 theory in that case flows by RG to NCOS 6 theory where all the mass 2 of the world-sheet bosonic fields become positive. However, we would like to point out that in the UV where we know that OD1 is the proper supergravity description, the mass 2 are not always positive. For example, we note that m 2 2,...,5 becomes negative in the UV. So, the appearance of negative mass 2 can not always be avoided by an RG flow argument. Some comments on the isuue of negative mass 2 has been made in ref. [13] , but a better understanding of this is clearly needed.
Conclusion
In this paper we have studied the Penrose limit of the gravity dual of a class of non-local theories, namely, the NCOS theory in 6-dimensions. We discussed the phase structure of this theory and have shown how at various energies the theory is described by OYM 6 , LST, NCOS 6 and OD1 theories. In particular, at low energies when ar ≪ 1 and G We have obtained Penrose limits in the neighborhood of a special null geodesic and have shown that Penrose limits of the gravity duals of all these 6-dimensional theories lead to solvable string theories. We would like to emphasize that this is a specialty of 6-dimensional theories only. In fact, it is easy to see that Penrose limits of gravity duals of NCOS theories in other dimensions do not lead to solvable string theories. We have quantized the string theories obtained this way, constructed the light-cone Hamiltonian and discussed their relations to the states of various theories at different phases of NCOS 6 theory. Finally, we also discussed Penrose limits of the gravity duals of both NCOS 6 and OD1 theories for the general null geodesic. In these cases Penrose limits yield string theories with time-dependent masses for the various bosonic fields corresponding to the target space coordinates and so they are not solvable (in the sense discussed in the paper). We have pointed out the appearance of negative mass 2 for OD1 theory and discussed the RG flow by which the mass 2 become positive in some cases.
